Some theorems for a static prefect fluid sphere, i.e. a star, in the presence of a positive cosmological constant are proved. These theorems put bounds on the pressure profile and internal compactness of the star.
investigated these bounds in his famous book [1] . His results include some inequalities for the central pressure, the potential energy, the mean values of gravity and pressure and so on.
The general relativistic extension of these bounds is studied in [2] . The authors obtained the allowed bounds on the interior geometry, the density and pressure profile and the internal compactness, defined as 2m(r)/r in which m(r) is the mass contained within the radius r, of a star.
The most famous of these bounds is the Buchdahl-Bondi inequality [3, 4] . It is an upper bound on the total compactness of a static spherically symmetric fluid in the form of 2M/R ≤ 8/9. The modified form of this bound is derived in the presence of cosmological constant in [5, 6] and for a charged gravitational object in [7] .
Here we shall study how a positive cosmological constant, Λ, effects on the other constraints of a general relativistic object which are derived in [2] . We shall see that such a generalization is not trivial and requires a detailed calculation.
2 Stellar model in the presence of a cosmological constant Consider a spherically symmetric distribution of a prefect fluid in the equilibrium state in the presence of cosmological constant. Denoting the pressure and the mass density of the fluid by p(r) and ρ(r) respectively. To have a realistic star model we further assume that the average density interior to the radius r, ρ(r) = 3m(r)/4πr 3 is a non increasing function of the radial coordinate. We shall see that these assumptions lead to some inequalities for the physical quantities describing the star.
The spherically symmetric static line element may be written in the general form:
Denoting the radial derivative by prime, the first equation of stellar structure is the Newtonian definition of mass in terms of density:
The other is Tolman-Oppenheimer-Volkov equation:
This equation is obtained by combining the time-time and radial-radial components of Einstein's equations.
From the two latter equations, one can get a fundamental equation as follows:
which for a fluid with a given equation of state, p = p(ρ), can determine the equilibrium configuration of star.
To obtain the complete solution, one also needs to find the geometrical structure of the space-time. This can be easily done using the conservation of energy-momentum tensor and Einstein's equations. The energy-momentum conservation for the perfect fluid gives:
while the time-time component of the Einstein's equations leads to:
As an example consider a hypothetical star with constant density, ρ 0 = 3M/4πR 3 . Then these equations are exactly solvable [8] . Denoting the variables by zero index for this special solution, one has:
The central pressure is given by:
The central pressure becomes infinity at M/R = 2/9(1 ± 1 − 3ΛR 2 /4). Thus there is some bounds on the mass to radius ratio of a uniform density star which depends on it's radius.
The allowed values of internal compactness is expressed by the modified Buchdahl theorem in the presence of cosmological constant which is obtained for a general mass density in [5, 6] as follows:
As a result of this theorem a star of fixed radius which it's mass doesn't satisfy the above bound, is not in hydrostatic equilibrium and so if it has enough mass can collapses to a deSitter-Schwarzchild black hole.
In this paper we shall prove some useful theorems on different quantities describing the equilibrium configuration of a compact object. In doing this we make the following assumptions:
• I) Einstein's general relativity is valid.
• II) There is a positive cosmological constant, Λ.
• III) The star density ρ is non-negative everywhere.
• IV) The star pressure p is non-negative everywhere.
• V) The star is spherically symmetric and static.
• VI) Since in the Tolman-Oppenheimer-Volkov equation the Newtonian mass appears, the average density should be defined asρ = m(r) 4/3πr 3 = 4π r 0 drr 2 ρ(r) 4π r 0 drr 2 . We have to use the flat volume because in taking the average of any quantity the same measure (4πr 2 ) should be used in the numerator and in the denominator. For a realistic star, we assume thatρ ′ ≤ 0 and thus (m/r 3 ) ′ ≤ 0. 1
Bounds on star properties
Since the density and pressure are positive quantities a look at equation (3), we have:
This can be used to prove the following theorem.
Theorem 1:
For any equilibrium configuration, the function
doesn't increase outward, provided the assumptions I, II, III, IV, V and VI are valid.
Proof:
Considering inequality (11), we find that:
After some calculations and using (m/r 3 ) ′ ≤ 0, we obtain:
1 Since we assumed non-negative ρ and p, equation (3) shows that, it is reasonable to assume p is nonincreasing on average, while the cosmological constant is not very large. In addition we suppose that the fluid allows an equation of state in the form p = p(ρ) and assume that sound can propagate in the fluid, i.e. the sound velocity squared v 2 s = ∆p/∆ρ is non-negative. As a result,ρ ′ ≤ 0.
This proves the theorem.
Corollary 1:
If p c denotes the central pressure, (12) leads to:
which shows a lower bound on p c .
Corollary 2:
There is another way to get a different lower bound on the central pressure [9] . Integrating equation (11) from the center of star to it's surface where the pressure drops to zero, one obtains:
Introducing the new variable x(r) = 2m/r + Λr 2 /3, we find that:
Using the power series of 1/(1 − x), we get:
The first term is positive and the second term can be integrated by parts. This gives:
Again the second term is positive, which shows that:
The above terms can be summed up leading to:
where
Comparing equations (16) and (23) one gets:
It has to be noted that for a typical star like Sun and for the value of the cosmological constant obtained from the acceleration of the universe, 2M/R and ΛR 2 /3 terms are very small and the ln terms can be expanded. Then it can be simply seen that B 2 is several order of magnitude larger than B 1 .
Theorem2:
In the presence of cosmological constant f (r) ≤ f 0 (r), i.e. the time-time component of the space-time metric is less than or equal to that of the case with a constant density everywhere, provided the assumptions I, II, III, IV, V and VI are valid.
Proof:
Combining equations (2),(3) and (5), it is easy to show that:
so that:
Integrating from r to R leads to:
Remember that the average density inside any radius r is non increasing, hence:
and thus:
Performing the integration and substituting f (R) from the exterior solution (i.e. Schwarzschield-deSitter solution), finally we get:
where the right hand side is f 0 (r), (see equation (8)), and thus f (r) ≤ f 0 (r).
Corollary 1: Writing this inequality for the center of star we have 0 ≤ f (0) ≤ f 0 (0). Using the relation 0 ≤ f 0 (0) one gets the modified Buchdahl theorem in the presence of cosmological constant, equation (10), which is obtained in [5, 6] . To see this, note that squaring the relation 0 ≤ f 0 (0) we have:
which, using the fact that the cosmological constant is positive, is valid provided that:
which leads to the equation(10).
Corollary 2: Using this theorem one can see that there is an upper bound on the ρ + 3p. The relations (3) and (24) can be expressed respectively as:
Using equation (32), one can eliminate f ′ /f in the relation (33) to obtain the following result:
ifr < r. By substituting equations (5) and (3) in the right hand side and integrating from r = 0 tor = r we get:
cosmological constant. To understand this inequality better, consider a realistic model for a star in which there is a core represented by it's massm and radiusr. Outside the core, assume that the density is below a given densityρ and the equation of state is known only at this region. According to the above theorem, the total mass of the star is bound. To see this note that the lower bound ofm is (4/3)πr 3ρ and (39) shows that it's upper bound is
wherep is the pressure at the core boundary. Since the values ofm andr are restricted, the total mass which is a continuous function, M(m,r), is also bound.
Moreover the relation (44) implies that the pressure at any radius has a maximum value which depends on the mass contained within that radius. One can see this, by multiplying equation (44) by 1 + 1 − 2m r 3 + Λ 3 r 2 and doing some simplifications:
Conclusion
The As it is clear from this plot, the bound has changed by a considerable value, only for very As another example consider the bound on the pressure profile given by equation (38).
In Figure (2 Here we assumed that 2M/R = 2 × 10 −6 . The thick, dotted, dashed and tiny lines corresponds to ΛR 2 = 2 × 10 −34 , ΛR 2 = 2 × 10 −7 , ΛR 2 = 2 × 10 −6 , and ΛR 2 = 2.5 × 10 −6 . p c is in atmospheres and R sun is used to normalize the star radius.
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